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Abstract
Galileon radiation in the collapse of a thin spherical shell of matter is analyzed. In the frame-
work of a cubic Galileon theory, we compute the field profile produced at large distances by a
short collapse, finding that the radiated field has two peaks traveling ahead of light fronts. The
total energy radiated during the collapse follows a power law scaling with the shell’s physical
width and results from two competing effects: a Vainshtein suppression of the emission and an
enhancement due to the thinness of the shell.
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1 Introduction
The discovery of the accelerated expansion of the universe [1] triggered a variety of attempts
to modify the infrared sector of gravity in order to avoid the introduction of a cosmologi-
cal constant, whose value cannot be explained naturally in the framework of quantum field
theory [2]. Among the earlier proposals was the five-dimensional Dvali-Gabadadze-Porrati
(DGP) model [3], in which the gravitational dynamics is governed by an action containing two
Einstein-Hilbert terms for both the ambient metric and its pullback on our four-dimensional
braneworld. The hierarchy between the five- and four-dimensional Planck masses results in
an effective mass term for the four-dimensional graviton. Its phenomenological prospects have
been widely studied (see, e.g., [4] and references therein).
One consequence of the formulation of the DGP model was a renewed interest in massive
gravity, which has turned out to be one of the the most interesting large scale modifications
of gravity studied in the last decade (see [5, 6] for reviews). The graviton mass breaks general
covariance, which allows in principle for a degravitation of the cosmological constant term
[7]. Invariance under coordinate transformations can nevertheless be restored through the
introduction of Stu¨ckelberg fields [8].
Massive gravity, at least in its most naive formulation, is not free from potential problems.
One of them is that the additional graviton polarizations do not decouple in the limit of zero
mass, so General Relativity (GR) is not recovered. This van Dam-Veltman-Zakharov (vDVZ)
discontinuity is overcome through the Vainshtein mechanism [9], in that the strong nonlinear-
ities of the massive gravity Lagrangian screen the matter coupling of the massive graviton’s
scalar mode at distances below some characteristic Vainshtein radius. A second problem is the
emergence of classical Ostrogradsky instabilities [10] or ghost states at the quantum level, in
particular the so-called Boulware-Deser ghost [11]. This dangerous mode is avoided through
a resummation of nonlinear terms [12], leading a ghost-free theory of massive gravity at all
orders.
In both the DGP model and massive gravity, there is a limit in which the massive graviton’s
scalar mode pi(x) decouples from the transverse components hµν(x), resulting in a scalar field
theory invariant under Galilean transformations, pi(x)→ pi(x) +a+ bµxµ, and characterized by
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an energy scale
Λ = (MPlm
2)
1
3 , (1.1)
with m the graviton mass. These Galileon theories [13] have some interesting properties as field
theories: the scale Λ is stable under quantum corrections and there is a regime in which non-
Galileon interactions remain unimportant [14, 13]. Galileon field theory has been extensively
studied in a number of physical setups [6, 15].
Gravitational collapse is a powerful testbench in gravitational physics. Analyzing the prob-
lem of a collapsing sphere of dust, Oppenheimer and Snyder [16] were able to glipmse the
nonsingular character of the horizon, decades before a mathematical solution to the issue was
available. As an ubiquitous process in astrophysics, it is the source of many observational
signals in the Universe [17].
There are several reasons justifying the study of gravitational collapse in the context of
massive gravity and Galileon theories. In GR, Birkhoff’s theorem prevents the emission of
gravitational radiation from spherical collapse. Gravitational theories with scalar degrees of
freedom, on the other hand, allow the radiation of energy even when spherical symmetry is
preserved [18]. The opening of new channels for the radiation of energy can be relevant in a
number of astrophysical processes and might be used to put the theory to the test. In the case
of massive generalizations of GR, and particularly in Galileon theories, the very special features
of these scalar modes might lead to distinct observational signals.
So far, gravitational collapse in Galileon theories has been studied mostly in the context of
structure formation [19] and the Vaidya solution [20]. In this paper we analyze the problem of
Galileon emission at the onset of the gravitational collapse of a spherical thin shell of matter.
Our model consists in a delta-function shell that starts collapsing with or without initial velocity,
stoping collapse after a short time. Due to its coupling through the trace of the energy-
momentum tensor, this collapsing matter introduces a time-dependent perturbation acting as
a source for a radiating Galileon field.
One of the consequences of considering the ideal situation of a delta-function shell is that we
have field gradients above the Galileon scale Λ, leading to breakdown of effective field theory.
In addition, the total energy radiated during the process diverges due to the contribution of
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arbitrary high frequencies. In order to avoid these problems we carry out our calculations using
a physical cutoff in frequencies whose value is determined by the physical width of the shell,
which we take to be much larger than the cutoff scale Λ−1. What we find is that the profile
of the Galileon field detected at large distances exhibits two pulses propagating ahead of light
fronts. As for the total energy radiated, we obtain a very simple scaling with the shell’s physical
width.
The plan of the paper is as follows. In the next section we present the model to be studied,
an imploding delta-function spherical shell collapsing under its own gravity. In Section 3 we
detail the perturbative approach to be used and solve for the profile of the Galileon field at
large distances from the source. After this, the total energy radiated is computed in Section
4, whereas Section 5 is devoted to the analysis of the next-to-leading order correction, and in
particular to the case in which the collapse starts from rest. Finally, in Section 6 we comment
on some possible directions for future work.
2 The model
We work in the context of a cubic Galileon theory with Lagrangian [6]
L = −1
2
∂µpi∂
µpi − 1
Λ3
∂µpi∂
µpipi + 1
MPl
piT, (2.1)
where Λ is the Galileon energy scale, MPl is the Planck mass, and T is the trace of the matter
energy-momentum tensor. To address the problem of Galileon emission in the gravitational
collapse of a spherical source we consider the following form of the energy-momentum tensor
Tµν = ρ(t, r)δ
0
µδ
0
ν . (2.2)
The time evolution of ρ(t, r) is determined by the equations of gravity. In our calculation we
also follow the strategy of [21] and consider that time evolution is treated as a perturbation
on a static background. In other words, we treat the problem perturbatively and split the
energy-momentum tensor into a static background and a dynamic perturbation
ρ(t, r) = ρ0(r) + δρ(t, r), (2.3)
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while the Galileon field is also split accordingly as
pi(t, r) = pi0(r) + φ(t, r), (2.4)
where pi0(r) is a static, spherically symmetric solution to the Galileon field equations [22].
To be more specific, let us focus on the Galileon equations sourced by an energy-momentum
tensor associated with a static spherical shell located a the position r = R0,
ρ0(r) = σ0δ(r −R0), (2.5)
where σ0 is the superficial density of the shell. In choosing a spherical shell instead of a ball we
simplify the analysis in that Galileons are emitted only at the surface of the collapsing body
and not from the interior, which would be the case if δT 6= 0 for r < R. This can be seen as a
rough model of the collapse of an outer layer of an astrophysical object over its core.
The equations of motion for the background helicity-0 mode in the cubic Galileon theory
(2.1) have the form [24]
1
r2
∂r
{
r3
[
pi′0
r
+
4
Λ3
(
pi′0
r
)2]}
=
σ0
MPl
δ(r −R0). (2.6)
To solve them, we look for solutions outside and inside the shell and match them across r = R,
using the conditions derived from integrating Eq. (2.6),∫ R0+
R0−
dr ∂r
{
r3
[
pi′0
r
+
4
Λ3
(
pi′0
r
)2]}
=
σ0R
2
0
MPl
, (2.7)
which gives
r3
[
pi′0
r
+
4
Λ3
(
pi′0
r
)2]∣∣∣∣∣
R0+
− r3
[
pi′0
r
+
4
Λ3
(
pi′0
r
)2]∣∣∣∣∣
R0−
=
σ0R
2
0
MPl
. (2.8)
With this result, we integrate Eq. (2.6) over a ball of radius r > R0, obtaining
pi′0
r
+
4
Λ3
(
pi′0
r
)2
=
σ0R
2
0
MPlr3
(r > R0). (2.9)
This gives a quadratic equation for pi′0/r whose solutions are
pi′0
r
= −Λ
3
8
1∓√1 + 16σ0R20
Λ3MPlr3
 (r > R0). (2.10)
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The condition that the Galileon vanishes at infinity selects the − branch. Notice that this is
the same solution than for the case of a pointlike particle with mass m = 4piσR20.
For the shell interior, we just integrate the homogeneous equation
1
r2
∂r
{
r3
[
pi′0
r
+
4
Λ3
(
pi′0
r
)2]}
= 0, (2.11)
with the result
pi′0
r
+
4
Λ3
(
pi′0
r
)2
=
C
r3
(r < R0). (2.12)
Plugging Eqs. (2.9) and (2.12) into the matching condition (2.8), we fix the value of the
integration constant C to be
σ0R
2
0
MPl
− C = σ0R
2
0
MPl
=⇒ C = 0. (2.13)
Equation (2.12) has therefore two solutions: a trivial one pi′0 = 0 together with
pi′0
r
= −Λ
3
4
(r < R0). (2.14)
To find the right background solution for the cubic Galileon we have to take into account
that for σ0 → 0 we should recover a continuous “vacuum” solution pi′0 = 0. Thus, we are forced
to choose the trivial solution for the interior of the shell and write
pi′0(r)
r
= −Λ
3
8
1−√1 + 16σ0R20
MPlΛ3r3
 θ(r −R0), (2.15)
where θ(x) is the Heaviside step function. We read the value of the Vainshtein radius off this
expression, with the result
r? =
(
16σ0R
2
0
MPlΛ3
) 1
3
. (2.16)
The solution for the background Galileon field pi0(r) obtained by integrating Eq. (2.15) is
continuous. The discontinuity in its first radial derivative at r = R0 is a consequence of the
field being sourced by an infinitely thin distribution of matter.
5
Thus, our problem has two natural length scales: the radius of the shell R0 and the Vain-
shtein radius r?. Let us asume first that the Vainshtein radius is (much) smaller than the radius
of the shell. To see whether this approximation is physically relevant, we rewrite the condition
R0  r? as
σ0  1
16
MPlΛ
3R0, (2.17)
which can be recast as
4pi0R
2
0σ0 
pi
4
MPlΛ
3R30 =
3
16
MPlΛ
3V0, (2.18)
with V0 the volume enclosed by the shell. Defining the equivalent density of the shell as
ρequiv ≡ 4piR
2
0σ0
V0
, (2.19)
we get the bound
ρequiv  3
16
MPlΛ
3. (2.20)
We take the usual value [5] for the cutoff scale Λ ' (1000 km)−1, which is obtained from (1.1)
by assuming a graviton mass of the order of the Hubble scale, m ∼ H−10 . This value is around
the current bounds for the graviton mass [25]. With this we arrive at
ρequiv  10−47 GeV4, (2.21)
where the bound is of the order of the present energy density of the universe. This energy
density is completely negligible in an astrophysical setup, so in order to have a physically
meaningful model we exclude the case when the Vainshtein radius is much smaller than the
radius of the shell. In the following we will work in the case where the radius of the shell lies
well inside the Vainshtein radius, R0  r?.
3 Perturbative analysis
Inserting the decomposition (2.4) into the Lagrangian for the cubic Galileon theory (2.1) and
keeping terms quadratic in the perturbed quantities leads to the following Lagrangian for the
perturbation in the Galileon field φ(x)
Lpert = −1
2
Zµν∂µφ∂νφ+
1
MPl
φ δT, (3.1)
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where the effective metric Zµν is given by [6]
Zµνdx
µdxν = −
[
1 +
4
Λ3
(
2pi′0
r
+ pi′′0
)]
dt2 +
(
1 +
8pi′0
rΛ3
)
dr2
+
[
1 +
4
Λ3
(
pi′0
r
+ pi′′0
)]
r2dΩ2. (3.2)
In terms of this, the equations of motion read
Zφ ≡ ∂µ(Zµν∂νφ) = − 1
MPl
δT. (3.3)
The radiating Galileon field is sourced by the perturbation in the trace of the energy-
momentum tensor. In the case of a collapsing shell, we have
T = −σ(τ)δ
(
r −R(τ)
)
, (3.4)
where τ is the proper time for an observer falling with the shell and R(τ) is given by the solution
to the equation [23]
M = 4piR20σ0
√
R˙(τ)2 + 1− 8pi
2GNR
4
0σ
2
0
R(τ)
. (3.5)
Here, M is the mass of the shell as seen by a distant observer and R0, σ0 are the initial values
of the radius and surface energy density respectively. The first term on the right-hand side
of this equation can be interpreted as the kinetic energy of the shell, whereas the second one
is its gravitational binding energy. Once R(τ) is found, the (exterior) time coordinate at the
location of the shell is given in terms of proper time by the solution to the equation
t˙(τ) =
[
1− 2GNM
R(τ)
]−1√
R˙(τ)2 + 1− 2GNM
R(τ)
. (3.6)
Finally, the time evolution of the surface density is given in terms of R(τ) by
σ(τ) = σ0
[
R0
R(τ)
]2
. (3.7)
Let us consider a physical situation in which the shell is stable for negative times
R(τ) = R0 for τ < 0. (3.8)
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and that at τ = 0 it implodes with initial velocity R˙0 during a short proper time δτ . The corre-
sponding perturbation on the static energy-momentum tensor (2.2) induced by time evolution
is given by
δT = −σ˙(τ)δτδ
(
r −R(τ)
)
+ σ(τ)R˙(τ)δτδ′
(
r −R(τ)
)
. (3.9)
while δT = 0 for τ < 0 and τ > δτ . Using the equation for the time evolution of the surface
energy density (3.7) we can eliminate σ˙(τ) to write
δT =
δτR˙(τ)
R(τ)
σ(τ)
[
R(τ)δ′
(
r −R(τ)
)
+ 2δ
(
r −R(τ)
)]
, (3.10)
where our expansion parameter is
δτR˙(τ)
R(τ)
 1. (3.11)
Once δT is known, the corresponding perturbation in the Galileon field φ(t, r) can be com-
puted as
φ(x) =
1
MPl
∫
d4x′G(x, x′)δT (x′), (3.12)
where G(x, x′) is the retarded Green function of the Laplacian operator defined in Eq. (3.3).
This object has been studied in [24]. In spherical coordinates, it is explicitly given by the
solution to the equation[
e1(r)∂
2
t − e2(r)∂2r −
2
r
e3(r)∂r − e3(r)
r2
L2
]
G(t, r, ϕ, θ; t′, r′, ϕ′, θ′)
=
1
rr′
δ(t− t′)δ(r − r′)δ(ϕ− ϕ′)δ(cos θ − cos θ′), (3.13)
where L2 denotes the Laplacian over the transverse two-dimensional unit sphere and the func-
tions ei(r) are given by
e1(r) =
3
4
[
2r3 + r3?√
r3(r3 + r3?)
− 2
3
]
,
e2(r) =
√
1 +
r3?
r3
, (3.14)
e3(r) =
4r3 + r3?
4
√
r3(r3 + r3?)
.
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Using the fact that the coefficients are time independent, the Green function can be ex-
panded as [24]
G(x, x′) =
∫ ∞
−∞
ωdω
2pi
e−iω(t−t
′)
∞∑
`=0
g˜`(ωr, ωr
′)
∑`
m=−`
Y m` (θ, ϕ)Y
m
` (θ
′, ϕ′), (3.15)
where the radial part of the Green function satisfies the equation[
e2(ξ)∂
2
ξ +
2
ξ
e3(ξ)∂ξ + e1(ξ)− `(`+ 1)
ξ2
e3(ξ)
]
g˜`(ξ, ξ
′) =
1
ξξ′
δ(ξ − ξ′). (3.16)
Due to the spherical symmetry of the gravitational collapse under study, the multipole expan-
sion of the Green function gets truncated to the monopole term ` = 0. This means that Eq.
(3.12) reads
φ(x) =
1
4piMPl
∫ ∞
−∞
ωdω
2pi
∫
d4x′e−iω(t−t
′)g˜0(ωr, ωr
′)δT (x′) (3.17)
=
1
MPl
∫ ∞
−∞
ωdω
2pi
e−iωt
∫ δτ
0
dτ
√
R˙(τ)2 + f(τ)
f(τ)
eiωτ
∫ ∞
0
r′2dr′ g˜0(ωr, ωr′)δT (τ, r′),
where in the second line we have exploited the fact that the perturbation to the energy-
momentum tensor is spherically symmetric, so the integration over angles is trivial, and that
the integrand vanishes outside the region 0 < τ < δτ . Notice as well that we have changed from
the global time coordinate to proper time τ , which accounts for the Jacobian factor, where we
have defined
f(τ) ≡ 1− 2GNM
R(τ)
. (3.18)
Substituting the expression of the perturbation given in Eq. (3.10), we can carry out the
integration over the radial coordinate, to find
φ(x) =
δτσ0R
2
0
MPl
∫ ∞
−∞
ωdω
2pi
e−iωt
∫ δτ
0
dτ eiωτ
R˙(τ)
R(τ)3
√
R˙(τ)2 + f(τ)
f(τ)
(3.19)
×
[
2R(τ)2g˜0
(
ωr, ωR(τ)
)
− 2R(τ)2g˜0
(
ωr, ωR(τ)
)
− ωR(τ)3∂2g˜0
(
ωr, ωR(τ)
)]
= −δτσ0R
2
0
MPl
∫ ∞
−∞
ω2dω
2pi
e−iωt
∫ δτ
0
dτ eiωτ R˙(τ)
√
R˙(τ)2 + f(τ)
f(τ)
∂2g˜0
(
ωr, ωR(τ)
)
,
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where ∂2 indicates the derivative with respect to the second argument of the function.
As explained above, we have to assume that the radius of the shell is located well below the
Vainshtein radius (R0  r?), whereas we are interested in the radiation reaching an observer
located far away from the source (r  r?). We are therefore in the so-called radiation limit,
ξ′  ωr?  ξ, where the function g˜0(ξ, ξ′) takes the form [24]
g˜0(ξ, ξ
′) = h(1)0 (ξ)C
(rad)
0 (ωr?)ξ
′ 1
4J− 1
4
(√
3
2
ξ′
)
, (3.20)
with h
(1)
0 (ξ) = (iξ)
−1eiξ the zeroth-order spherical Hankel function of the first kind. The explicit
form of C
(rad)
0 (ωr?) depends on the frequency regime
C
(rad)
0 (ωr?) =

1
(ωr?)3/4
√
pi
2
e
7pii
8
−iωr?I∞ |ωr?|  1
i 3
1
8 pi
Γ( 14)
|ωr?|  1
, (3.21)
where I∞ ≈ 0.253.
In order to compute the derivative in the integrand of Eq. (3.19), we use the Bessel function
recursion relation [z−νJν(z)]′ = −z−νJν+1(z). In addition, the integral admits a further simpli-
fications in the case of a nonrelativistic collapse: taking the radius of the shell much larger than
its Schwarzschild radius we can set f(τ) ≈ 1, whereas asuming its velocity during the collapse
process to be much smaller than the speed of light we have R˙(τ) 1. With this, we arrive at
φ(x) = −i
√
3σ0R
2
0δτ
4piMPl
1
r
∫ δτ
0
dτ R˙(τ)R(τ)
1
4
×
∫ ∞
−∞
dω ω
5
4 e−iω(t−r−τ)C(rad)0 (ωr?)J 3
4
(√
3
2
ωR(τ)
)
. (3.22)
For a very short implosion, the integral over τ can be linearized to find
φ(x) = −i
√
3σ0R
9
4
0 R˙0δτ
2
4piMPl
1
r
∫ ∞
−∞
dω ω
5
4 e−iω(t−r)C(rad)0 (ωr?)J 3
4
(√
3
2
ωR0
)
. (3.23)
We split now the integral into two pieces, and use Jν(−x) = (−1)νJν(x) together with the
identity
C
(rad)
0 (−ωr?) = −C(rad)0 (ωr?)∗, (3.24)
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which follows from Eqs. (3.15) and (3.20). After a few manipulations, we can write the integral
as
φ(x) =
√
3σ0R
9
4
0 R˙0δτ
2
2piMPl
1
r
Im
∫ ∞
0
dω ω
5
4 e−iω(t−r)C(rad)0 (ωr?)J 3
4
(√
3
2
ωR0
)
. (3.25)
Since we do not have an expression for C
(rad)
0 (ωr?) valid in the whole range of frequencies
we estimate the integral by splitting the integration range into a high frequency (ω  ω0) and
a low frequency (ω  ω0) piece where we substitute the two asymptotic expressions in (3.21).
On general grounds we can assume that the matching takes place at a frequency ω0r? ∼ 1∫ ∞
0
dω ω
5
4 eiω(r−t)C(rad)0 (ωr?)J 3
4
(√
3
2
ωR0
)
≈ 3
1
8pi
Γ
(
1
4
) ∫ 1r?
0
dω ω
5
4 e−iω(t−r)J 3
4
(√
3
2
ωR0
)
+
e
7pii
8
r
3/4
?
√
pi
2
∫ ∞
1
r?
dω ω
1
2 e−iω(t−r+r?I∞)J 3
4
(√
3
2
ωR0
)
. (3.26)
For the first integral, we find in the limit R0  r?
3
1
8pi
Γ
(
1
4
) ∫ 1r?
0
dω ω
5
4 e−iω(t−r)J 3
4
(√
3
2
ωR0
)
=
3
1
8pi
Γ
(
1
4
) 1
R
9/4
0
∫ R0/r?
0
dx x
5
4 e
−ix t−r
R0 J 3
4
(√
3
2
x
)
≈ 1
3
√
3R
9/4
0
(
R0
r?
)3
. (3.27)
A similar change of variables in the second integral gives, in the same regime, the result
e
7pii
8
r
3/4
?
√
pi
2
∫ ∞
1
r?
dω ω
1
2 e−iω(t−r+r?I∞)J 3
4
(√
3
2
ωR0
)
≈
√
pi
2
e
7pii
8
r
3/4
? R
3/2
0
∫ ∞
0
dx x
1
2 e
−ix t−r+r?I∞
R0 J 3
4
(√
3
2
x
)
. (3.28)
The expression of the field given in (3.25) shows that both the low and high frequency
contributions to the integral come multiplied by an overall factor R
9/4
0 . This means that the
low frequency contribution shown in Eq. (3.27) is suppressed by a factor (R0/r?)
3, whereas the
prefactor of the high frequency modes is just (R0/r?)
3/4. As a consequence, due to the relative
11
suppression of the low with respect to the high frequency modes we can neglect the former and
write
φ(t, r) ≈
√
3
8pi
σ0R˙0δτ
2
MPl
(
R0
r?
) 3
4 1
r
Im
∫ ∞
0
dx x
1
2 e
−ix t−r+r?I∞
R0
+ 7pii
8 J 3
4
(√
3
2
x
)
. (3.29)
From Eq. (3.21), and given the asymptotic behavior of the Bessel function for large values
of the argument, we find that the integrand in this expression is not damped at high frequencies
|ω| → ∞, but oscillating. This feature of the solution is an artefact of our choice of zero width
distribution (3.10) for the source in Eq. (3.3). Not only the infinitely thin source pumps in
energy at all scales, including the transplanckian region, but due to the presence of a δ′(x)
function in the source, there is an enhancement of the contribution of higher frequencies. This
is the origin of the absence of a characteristic damping scale for the frequencies in Eq. (3.19).
This is indeed a problem from the point of view that we are dealing with an effective field
theory valid below some energy scale Λ. A physical way to avoid this is to consider a finite
size source, in such a way that gradients in the Galileon field are kept below Λ2. This indeed
makes the analysis much more involved. Here we use an alternative procedure consisting in
introducing a physical cutoff function in the integral suppressing high frequencies. The scale
of the cutoff is determined by the characteristic width of the collapsing shell ∆ which is also
bound by the cutoff scale, ∆  Λ−1. In the following, we use an exponential damping factor
e−x, where  will be taken to be of the order
 ∼ ∆
R0
 1, (3.30)
As it will be seen later, other choices of the cutoff function lead to modifications of our result
by factors of order one. Thus, our analysis is valid in the regime
Λ−1  ∆ R0  r?  r. (3.31)
This in particular means that the radius of the collapsing shell should satisfy R0  (Λ)−1.
The imaginary part of the integral in (3.29) can be computed numerically. To optimize
the calculation we use an adaptive mesh in which, after a first sample, the density of points
increases in those regions with a finer structure. The results are shown in Fig. 1. We see
12
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Figure 1: Profile of the imaginary part of the integral in Eq. (3.29) as a function of u′ =
(t− r + r?I∞)/R0 with a cutoff  = 0.001.
that a distant observer located at r > r? (the regime of validity of our analysis) observes two
consecutive pulses in the profile of the Galileon field centered at
t− r = −I∞r? ±
√
3
2
R0, (3.32)
where the time difference between the two flashes only depends on the radius of the shell. For
R0  2GNM , a light ray emitted from the surface of the collapsing shell at t = 0 propagates
along t − r ≈ 0. Since we are assuming that R0  r?, we find that both Galileon pulses will
arrive before the light ray by a time interval
∆t = −I∞r? ±
√
3
2
R0 ≈ −0.253
(
4σ0R
2
0
MPlΛ3
) 1
3
, (3.33)
where the time difference between the pulses is very small compared to the time of arrival. As
a consequence, we find that the Galileon field pulses travel ahead of the light fronts.
4 Energy radiation
Next we evaluate the energy radiated during the implosion. Computing the energy-momentum
tensor for the Galileon perturbation, the energy radiated by solid angle is given by [24]
dE
dΩ
= − lim
r→∞
∫ ∞
−∞
dt r2∂tφ(x)∂rφ(x). (4.1)
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Figure 2: In the left panel we see the logarithmic plot of the numerical results for the function
f() for  in the range [0.0005, 0.1]. The solid line represents the fit in Eq. (4.5). The right
panel shows the corresponding plot for a sharp cutoff 10 ≤ xuv ≤ 1000 with the fit (4.6).
To evaluate the integrand in this expression, we notice that in the solution given in Eq. (3.29)
all dependence on t and r comes through the combination t − r, apart from the overall 1/r
factor. This leads to the following relation between the time and radial derivatives
∂rφ(x) = −∂tφ(x) +O
(
1
r2
)
. (4.2)
At large distances we can neglect the r−2 corrections and write
dE
dΩ
≈ 1
R0
∫ ∞
−∞
du′ {∂u′ [rφ(u′, r)]}2, (4.3)
where u′ = (t − r + r?I∞)/R0 and the right-hand side is independent of r. As expected from
the symmetry of the problem, energy emission is isotropic.
The numerical solution for the Galileon field shown in Fig. 1 indicates that the integrand is
strongly damped for large values or |u′|, which guarantees the convergence of the total energy
radiated during the collapse, the contribution to the integral being peaked around the two
pulses at u′ = ±√3/2. The result can be written as
dE
dΩ
≈ 3σ
2
0R˙
2
0δτ
4
8piM2PlR0
(
R0
r?
) 3
2
f(), (4.4)
where f() is a function of the physical cutoff scale (3.30) that can be computed numerically
from the solution φ(u′, r), using again an adaptive mesh to evaluate the integral.
14
Proceeding in this way, the results show that f() has a simple scaling with , as shown by
the logarithmic plot in the left panel of Fig. 2. A fit of the numerical solution leads to the
solution
f() = 0.286 −3.003. (4.5)
Increasing the precision in the evaluation of the integral, i.e. the density of points around
the peaks at u = ±√3/2, shows that the exponent consistently approaches 3. Moreover, it
can be checked that other choices for the cutoff do not seem to modify this exponent. For
example, solving the integral in Eq. (3.29) with a sharp frequency cutoff xuv ∼ R0/∆ leads to
the following scaling for the function in Eq. (4.4)
f (xuv) = 0.371x
3.005
uv . (4.6)
The right panel of Fig. 2 shows a logarithmic plot of the numerical results in this case, together
with the previous fit function.
From this we infer the following expression for the total energy emitted by the collapsing
shell to be
E = Cσ
2
0R˙
2
0δτ
4
M2PlR0
(
R30
r?∆2
) 3
2
, (4.7)
where C is a numerical constant of order 1 depending upon the details of the collapsing object.
We see how the overall size of the total energy radiated results from the competition of two
effects: a Vainshtein suppression by a factor (R0/r?)
3/2 and the enhancement due to the finite
width effects scaling as (R0/∆)
3. This contrasts with what is found for the Galileon radiation
from a binary system, where the suppression factor is not determined by the characteristic size
of the system but by its frequency [21].
It is important to stress that the dependence on ∆ in Eq. (4.7) cannot be considered a
spurious effect. On physical grounds, it is expected that quantities such as the radiated energy
depend on the details of the shell, in particular its effective width. In our approach this width
is introduced as a physical scale cutting the contributions of high frequencies off. Being a
physical cutoff, there is every reason to expect that the final result keeps a memory of it.
Moreover, we have seen that the scaling of ∆ is robust with respect to different mathematical
implemententations of the cutoff scale.
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5 The next-to-leading order
Our previous analysis was made under the assumption that the implosion of the shell occurs
with nonzero initial velocity, R˙0 6= 0. In order to consider the collapse from rest rather than an
implosion, we need to compute the perturbation of the trace of the energy-momentum tensor
at second order in δτ .
δT =
δτR˙(τ)
R(τ)
σ(τ)
[
R(τ)δ′
(
r −R(τ)
)
+ 2δ
(
r −R(τ)
)]
− δτ
2R˙(τ)2
R(τ)2
σ(τ)
[
3δ
(
r −R(τ)
)
+ 2R(τ)δ′
(
r −R(τ)
)
+
1
2
δ′′
(
r −R(τ)
)]
(5.1)
+
δτ 2R¨(τ)
R(τ)
σ(τ)
[
δ
(
r −R(τ)
)
+
1
2
R(τ)δ′
(
r −R(τ)
)]
.
In order to preserve the pertubative expansion, we impose the “slow roll” conditions
δτR˙(τ)
R(τ)
 1, δτ
2R˙(τ)2
R(τ)2
∼ δτ
2R¨(τ)
R(τ)
 1. (5.2)
Adding the next-to-leading order correction to the source in Eq. (3.3) allows for a resolution
of the Galileon perturbation in the form
φ(x) = [φ(x)]1 + [φ(x)]2, (5.3)
where [φ(x)]1 is the solution found in the Eq. (3.29).
With these expressions we can calculate the next-to-leading order corrections to the Galileon
radiation process studied in previous sections. It can be seen that this correction has a structure
similar to the leading term. Again we find two pulses located at the positions given in Eq.
(3.32). Here, however, we will be interested instead in the case of a matter shell at the onset of
gravitational collapse from rest, for which the leading order contribution vanishes, [φ(x)]1 = 0.
Setting R˙0 = 0 and following the same steps and approximations as in Sec. 3, we arrive at the
following expression for the perturbation of the Galileon field
φ(x) = −R
2
0R¨0σ0δτ
3
MPl
∫ ∞
−∞
ω2dω
2pi
e−iωt∂2g˜0(ωr, ωR0)
= −i
√
3R20R¨0σ0δτ
3
4piMPl
1
r
∫ ∞
−∞
dωω
5
4 e−iω(t−r)C(rad)0 (ωr?)J 3
4
(√
3
2
ωR0
)
. (5.4)
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Comparing this result with the one found in Eq. (3.23), we see that the only difference with
respect to that calculation presented in the previous section is that now we have a different
prefactor depending on R¨0 rather than R˙0. Physically, we find the same profile for the Galileon
field depicted in Fig. 1, two successive pulses travelling ahead of the light front. As for the
total energy radiated, we find
E = C ′σ
2
0R¨
2
0δτ
6
M2PlR0
(
R30
r?∆2
) 3
2
, (5.5)
where again C ′ is a numerical constant of order one.
6 Closing remarks
Apart from their intrinsic interest in classical and quantum field theory, Galileons emerge in
theories of massive gravity and therefore provide a window to test alternative theories of gravity
based on deformations of the Einstein-Hilbert action by relevant operators. In particular,
astrophysics may provide a number of physical scenarios where Galileon theories could be put
to the test. Here we have presented a tentative study of the problem of Galileon radiation
in spherical gravitational collapse. Choosing spherical symmetry has two consequences: it
simplifies the problem from a technical point of view and also eliminates the GR background
radiation leaving a distinct Galileon signal. Although quite simplified, our model could be seen
as a first approximation to the problem, displaying a number of features expected to be present
in more realistic descriptions of astrophysical gravitational collapse.
Our results indicate the emission of two pulses in the Galileon field traveling at superluminal
speed. This is not an unusual feature in modified theories of gravity in general [26] and massive
gravity and Galileons in particular [13, 27], where nonlinearities may lead to superluminal
propagation. In the cubic Galileon theory this can be seen from the effective metric (3.2),
whose structure of light cones shows that the phase and group velocity of radial perturbations
exceeds the speed of light.
Galileon theories are known to modify observable effects such as weak lensing [28]. An inter-
esting issue worth considering is the feasibility of direct Galileon field detection. In the theory
studied here, the Galileon field perturbation couples to the trace of the energy-momentum
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tensor, unlike ordinary gravitational waves that couple to the transverse-traceless part of the
energy-momentum tensor. In both cases, however, their coupling to matter have the same sup-
pression by the Planck scale. Given its superluminal propagation, the Galileon signal should
predate the electromagnetic observation of the astrophysical phenomenon sourcing it. Despite
the additional Vainshtein suppression, the recent success in the direct detection of gravitational
waves [29] opens up the possibility of designing experiments sensitive to these extra modes in
a maybe not-too-distant future.
There are various other directions for future work, considering more realistic models of
gravitational collapse and leaving behind the approximations used in this paper. One would
be using a top-hat window function for the density of the collapsing object, i.e. studying the
collapse of a homogeneous dust ball instead of the shell considered here. At early stages, the
Galileon radiation coming from the surface of the object is expected to behave similarly to
the one produced by the collapsing shell, including the superluminal behavior found above.
The radiation coming from inner layers, however, would presumably smooth the pulses out
into a band profile. A full analysis valid for late times would require relaxing some of the
approximations used in our analysis.
Within the context of the cubic Galileon theory, it would be interesting to explore the
possibility of going beyond the perturbative approach used here. This requires solving the full
Galileon field equation in the curved background produced by a spherical source. Due to the
nature of the field equations, this would require the application of more powerful numerical
techniques. Finding such solutions would allow to study the issue of superluminal propagation
in a more general fashion. These and other problems will be addressed elsewhere.
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